In this paper we establish some exact controllability results for systems of two parabolic equations. In a first part, we prove the existence of insensitizing controls for the L 2 norm of the gradient of solutions of linear heat equations. Then, in the worst situation where null controllability for a system of two parabolic equations can hold, we prove this result for some general couplings.
Introduction
Let Ω ⊂ IR N (N ≥ 1) be a bounded connected open set whose boundary ∂Ω is regular enough. Let T > 0 and let ω ⊂ Ω be a (small) nonempty open subset which will usually be referred as control domain. We will use the notation Q = Ω × (0, T ) and Σ = ∂Ω × (0, T ).
The main objective of this paper is to establish some new controllability results for coupled parabolic equations.
• The first main result of this paper concerns insensitizing controls. More precisely, we want to insensitize a functional associated to a state system, which is a linear parabolic equation. Let 
Here, v is the control, y 0 ∈ L 2 (Ω) and a ∈ R and B ∈ R N are constants. Furthermore, we suppose that y 0 is unknown with y 0 L 2 (Ω) = 1 and that τ is a small unknown real number. Then, the interpretation of system (1) is that y is the temperature of a body, v is a localized heat source (where we have access to the body) to be chosen, f is another heat source and the initial state of the body is partially unknown.
In general, the functional J τ we would like to insensitize (which is called sentinel) has to be differentiable. In this framework, the task is to find a control v such that the influence of the unknown data τ y 0 is not perceptible for J τ (see (3) below).
In the literature, the usual functional is given by the L 2 norm of the state (see [2] or [12] , for instance). Here, we are interested in insensitizing the L 2 norm of the gradient of the state (solution of (1)). Thus, let us introduce the functional
where y is the solution of (1). Our objective is to find a control v such that the presence of the unknown data is imperceptible for J τ , that is to say, such that
If this holds, we will say that the control v insensitizes the functional J τ .
Usually, insensitizing problems are formulated in an equivalent way as a controllability problem of a cascade system (see, for instance, [11] for a rigorous deduction of this fact). Indeed, if we consider the adjoint state of (1) (or apply Lagrange principle), it is very easy to see that condition (3) is equivalent to z| t=0 ≡ 0 in Ω, where z together with w fulfills             
Here, we have denoted w ≡ y| τ =0 . To our best knowledge, the first time this kind of problems were addressed was in [11] for second and fourth order parabolic equations of the heat kind and for the Navier-Stokes system. As we said above, all results around this subject concerns the functionalJ τ (y) = y 2 L 2 (O×(0,T )) with y solution of a parabolic system. In [2] , the author proved the existence of insensitizing controls for a semilinear heat equation with globally lipschitz nonlinearities. For an extension of this results to more general nonlinearities, see [1] and the references therein.
As we shall see in the statement of Theorem 1 below, we will take y 0 ≡ 0. For a justification of this fact and possible choice of more general initial conditions, see [2] .
All along this paper we will suppose that ω ∩ O = ∅. This is a condition that has always been imposed in the literature as long as insensitizing controls are concerned. Recently, for the (simpler) situation where we look for a ε-insensitizing control and the functionalJ τ , it has been demonstrated that this condition is not necessary for solutions of linear heat equations (see [3] ).
The controllability result for system (4) is given in the following theorem:
Theorem 1 Let m > 3 be a real number and y 0 ≡ 0. Then, there exists a constant
Corollary 2 There exists insensitizing controls v of the functional J τ given by (2) . Let us briefly explain the difficulties a controllability result for system (4) possesses. For this, we introduce the associated adjoint system:
It is by now classical to prove that the null controllability result we want to prove for system (4) is equivalent to the following observability inequality:
where m is some positive number and C and K 0 are two positive constants depending on Ω, ω, O, T , a and B but independent of ψ 0 (see, for instance, [7] ). The main idea one usually follows in order to prove (6) is a combination of observability inequalities for ϕ and ψ (as solutions of heat equations) and try to eliminate the local term (concentrated in ω × (0, T )) concerning ψ. The great difficulty one encounters when trying this for system (5) is that no local estimate of the kind
can be obtained using local arguments (observe that ω can be taken as small as we want, so we can always suppose that ω ∩ ∂Ω = ∅). This means that the only way to be able to locally relate ψ and ϕ is to first obtain an observability inequality of the kind
The reason why an estimate like (7) is not easy to prove relies on the fact that no boundary conditions are known for ∆ψ. More details about this are given in paragraph 2.1, below. 
As an extension of the result stated in Theorem 1, some insensibilization properties have recently been demonstrated for the more complicated situation of a system of the Stokes kind. More precisely, we consider the functionalJ τ with y the solution of
with a and B constants. In [8] , the existence of controls insensitizingJ τ is established. See also [8] for an extension of this to more general functionals and further controllability results for coupled Stokes-like systems.
• The second and main objective of this paper is to extend the previous controllability result to more intrinsic coupled parabolic systems. The question is: which coupling can we have in order to be able to control the whole system with only one control force ?
For several reasons which will be explained in section 3, we will concentrate in studying the null controllability of systems of two parabolic equations where the coupling terms are first order space derivatives in one equation and second order space derivatives in the other. In this situation, we will be again interested in controlling only one of the two equations while driving both states to zero at t = T .
We consider, for instance, the case where we control the lower order coupling term equation. We set the following control coupled system:
where c, E, h and K are constants and
is a partial differential operator in the space variables of order i such that
(that is to say,
. We assume that there exists a nonempty open set ω 2 ⊂ ω and a constant C > 0 such that θ 2 ≥ C > 0 in ω 2 . Observe that, in particular, one can take θ 1 and θ 2 to have a support as small as we want (one can also take θ 1 ≡ θ 2 ≡ 1 in Ω, which is the best possible situation).
Our objective here is to drive both w and z to zero at time T by means of the control v. Accordingly, we consider the corresponding adjoint system:
where P * 1 and P * 2 are the adjoint operators of P 1 and P 2 , respectively. It is very easy (and classical) to prove that the previous controllability property is equivalent to the following observability inequality:
. In order to achieve this, we need the following properties to hold for the differential operator P 2 : m 2,β are constant (11) and
for some C = C(Ω) > 0.
Observe that no boundary condition for P * 2 ϕ is demanded. (11)- (12) hold. Then, there exists a control v such that the solution of (8) satisfies w| t=T ≡ z| t=T ≡ 0 in Ω.
Theorem 3 Assume that conditions

Remark 3 Another boundary conditions can be considered in system (8). For instance, if one imposes Neumann boundary conditions, Theorem 3 also holds when we impose
instead of (12) . In general, if one imposes Bw| Σ = 0 as boundary condition for w in
Remark 4 
instead of P 2 , the result stated in Theorem 3 also holds as long as
satisfying the same boundary conditions as w in (8) .
Finally, we consider the situation where we control the higher order coupling term equation. Thus, let us introduce the following system:
Here, p is a vector-valued function and − → P 2 a vectorial differential operator of order two in space such that each component is given by (9) for i = 2. On the other hand, q is a scalar-valued function and P 1 is a divergence-type operator, that is to say, P 1 f ∈ R for f a vector-valued function. Finally, θ i ∈ C 2 (Ω) (3 ≤ i ≤ 4) and we assume the existence of a nonempty open subset ω 3 ⊂ ω and a positive constant C such that θ 3 ≥ C > 0 in ω 3 .
Observe that now we are controlling the first equation. Obviously, the adjoint system associated to (15) is again (10) . In order to establish the corresponding null controllability result, this time we need to impose the following conditions on the operator P 1 :
The corresponding result in this situation is presented in the following theorem: 
Once Theorem 3 is demonstrated, one can follow the same ideas in order to prove Theorem 4, just adapting the corresponding arguments.
For the sake of completeness, we present a system for which Theorem 4 applies (for simplicity, we take θ 3 ≡ θ 4 ≡ 1):
with P 2,j differential operators of order 2 in the x variable satisfying (9).
This paper is organized as follows. In section 2, we prove Theorem 1. In a first paragraph we prove new Carleman-type estimates, which will be crucial for this proof and in the second we combine some results and conclude its proof. In section 3, we prove Theorem 3. First, we explain why controlling system (8) is interesting and finally we develop its proof.
Insesitizing controls for the functional J τ
As we saw in the introduction, we can restrict ourselves to prove the null controllability of the coupled system (4) , that is to say, Theorem 1.
As usual, in order to prove this result we concentrate in the corresponding adjoint system (5) presented in the introduction. As explained in the introduction, in the framework of controllability it is classical to see that the null controllability property for system (4) is equivalent to the following observability inequality:
for certain positive constants K 0 and C independent of ψ 0 and some positive m. For the proof of (18), we will follow a classical approach, consisting of obtaining a suitable weighted-like estimate (so-called Carleman estimate) similar to the observability inequality. For a systematic use of this kind of estimates see, for instance, [7] .
In order to establish this Carleman inequality, we need to define some weight functions:
where m > 3 and k > m are fixed. Here, η 0 ∈ C 2 (Ω) satisfies
with
The proof of the existence of such a function η 0 is given in [7] . The weights (19) were first considered in [6] in order to obtain Carleman estimates for the three-dimensional micropolar fluid model. Accordingly, we define I(s, λ; ·) as follows:
Furthermore, we design by I w (s, λ, ·) the terms in the expression of I(s, λ, ·) concerning the L 2 (Q) and the L 2 (0, T ; H 1 0 (Ω)) norms (that is, the integrals appearing in the second line of (21)).
With this notation, we can prove the following result:
Proposition 1 There exists a positive constant C which depends on Ω, ω and T such that
for any λ ≥ C and s ≥ C(T 2m + T m ).
Remark 7 From the Carleman inequality (22), one can readily deduce the observability inequality (18). Indeed, it suffices to combine the fact that ϕ| t=T ≡ 0 with the dissipation of ∇ψ(t) L 2 (Ω) as t goes to T (see, for instance, [7]). As a consequence, the proof of Theorem 1 is achieved.
The proof of proposition 1 is divided in two steps, which correspond to the two paragraphs of this section. The first and more important one deal with the equation satisfied by ψ (which is independent of ϕ). In the second one, we combine both equations in order to conclude the desired inequality (22).
Before starting with this, we recall a Carleman estimate which will be essential in our proof.
This estimate concerns energy solutions of heat equations with non-homogeneous Neumann boundary conditions.
for any λ ≥ C and s ≥ C(T 2m + T 2m−1 ).
This lemma was essentially proved in [4] . In fact, the inequality proved in [4] concerned the same weight functions as in (23) 
New Carleman Estimate for ψ
In this paragraph, we deal with the problem
Recall that a ∈ R and B ∈ R N are constants. For this system, we prove the following estimate:
Lemma 2 There exists a positive constant C depending on Ω and ω 0 such that
Remark 8 Observe that, in particular, we deduce from this inequality the following well-known unique continuation property:
∆ψ = 0 in ω 0 × (0, T ) ⇒ ψ ≡ 0 in Ω × (0, T ).(26)
As far as we know, it is new the fact that (26) can be quantified in terms of an inequality like (25). On the other hand, we do not know if (26) holds when a and B
are not constant with respect to the space variable.
Proof of lemma 2:
We first look at the equation satisfied by ∆ψ:
Observe that no boundary conditions are prescribed for ∆ψ. At this point, we can apply lemma 1 and deduce the existence of a constant C = C(Ω, ω 0 ) > 0 such that
The next step will be to eliminate the last term in the right hand side of (27). In order to do this, we introduce the function ψ * := η(t)ψ, where
In view of (24), it fulfills
Thanks to (27), we are going to deduce that ψ * is a very regular function. In fact,
for s ≥ CT m . The square of this last quantity is bounded by the left hand side of (27) 
Taking this into account, by a simple integration by parts we deduce that
From (30) and (31), we obtain in particular that
Since m > 3, this justifies that the second term in the right hand side of (27) is absorbed by the left hand side. As a conclusion, we obtain the desired inequality (25).
Carleman estimate for ϕ and conclusion
Finally, we will deal with the particular coupling of ϕ and ψ. First, assuming ψ is given, we apply a Carleman estimate to the weak solution ϕ of (5) (observe that the right hand side of the equation satisfied by ϕ belongs, for instance, to L 2 (0, T ; H −1 (Ω))) which can be found in [9] (for the explicit dependence with respect to λ and T , see [5] ):
for any λ ≥ C and s ≥ C(T 2m + T 2m−1 ). Observe that we have chosen to apply this result for smaller exponentials, that is to say, for e −3sα m instead of e −2sα m . Then, we easily see that the last integral in the right hand side of (33) is bounded by I w (∆ψ), as long as λ is large enough. In fact, if we denote α m (t) = min x∈Ω α m (x, t) and ξ m (t) = max x∈Ω ξ m (x, t), we have
Combining this with (25) and (33), we obtain
for any λ ≥ C and s ≥ C(T 2m + T m ). Now, since ω 0 ⊂ O, from the equation satisfied by ϕ, we find
Then, we plug this into the expression of the last integral in (34) and we obtain:
We define a positive function θ ∈ C 2 c (ω) such that θ ≡ 1 in ω 0 . Then, the task turns to estimate the following integral:
After several integration by parts (getting all derivatives out of ϕ) with respect to both space and time, we get:
Here, we have used the equation satisfied by ψ and the fact that θ has compact support in ω. Let us do some computations involving the weight functions:
and λ ≥ C. With this, we obtain
which, combined with (34), gives the desired inequality (22).
Controllability of coupled parabolic systems
In this section we will prove Theorem 3. As indicated in the introduction, in order to prove Theorem 4 one can follow the same ideas of the proof of Theorem 3.
In a first paragraph, we will show the interest of the results stated in Theorems 3 and 4. More precisely, we will prove that the limit case to obtain the null controllability of systems of two parabolic equations is the one in which we couple space derivatives of first and second order of the solutions.
In the last paragraph, we will provide the proof of Theorem 3. For simplicity, in this section we will keep the notation η 0 for the function defined in (20). In the present situation, ω 0 will stand for an open set contained in ω 2 , which was also contained in ω (see paragraph between (9) and (10)).
Why coupling derivatives of first and second order?
Here, we intend to justify the fact that system (8) represents the limit case when one wants to obtain the null controllability of a coupled system of two parabolic equations.
We consider the adjoint system (10), which was presented in the introduction. Here, we apply the Carleman inequality for the solutions of the heat equation with L 2 right hand side to ϕ (see, for instance, [7] ) and we obtain:
for a suitable choice of the parameters s and λ. Now, in order to estimate the term concerning P * 1 (t, x; D)ψ, we apply again this Carleman estimate to ψ just re-scaling in the powers of λ, s and ξ m . In particular, we have:
If we combine this estimate with (35), we see that the last terms of both inequalities are absorbed as long as we take λ large. As a conclusion, we obtain a Carleman inequality of the form
This estimate provides a null controllability result for system (8) with two controls: one in the equation of w and another one in the equation of z.
As we have just seen, whenever we try to put a higher derivative in one of the coupling terms (for instance, P 1+ε (t, x; D)ψ or P 2+ε (t, x; D)ϕ for ε > 0 small), we will never succeed in finding an estimate like (36) which, furthermore, is a weaker result than the one we want to obtain (we would like to control system (8) with just one control force!). Consequently, one can only expect to have a Carleman inequality of the type (36) when the coupling terms are space derivatives of, at most, orders 1 and 2.
Proof of Theorem 3
In the proof of Theorem 3, we restrict ourselves to the following situation:
The reason why we just consider this system in the proof is because we think it is the more clarifying situation as well as considerably reduce the complexity of the notations coming from generic differential operators. Of course, the general situation (described in the statement of Theorem 3) is directly deduced from the outlines we are just about to give for system (37).
In order to prove Theorem 3 in this situation, it suffices to establish the following observability inequality for the solutions of (37):
As in the previous section, the strategy will consist in proving the corresponding Carleman inequality for system (37). It is presented in the following lemma:
Lemma 3 There exists a positive constant C(Ω, ω) such that
As in the proof of lemma 2, we first deal with the heat equation satisfied by ϕ and we try to obtain an independent Carleman inequality, viewing (∂ x1 ψ)θ 1 as a right hand side. More precisely, we consider the heat equation satisfied by ∆ϕ:
To ∆ϕ (as solution of the previous heat equation), we apply lemma 1 and we obtain:
for any λ ≥ C and s ≥ C(T 2m + T 2m−1 ). Next, we estimate the boundary term in the right hand side of (40). To this end, we define 
Again, since m > 3, this justifies that the second term in the right hand side of (40) is absorbed. As a conclusion, we obtain from (40) 
Since the right hand side belongs to L 2 (0, T ; H 1 (Ω)), we deduce that ψ ∈ L 2 (0, T ; H 3 (Ω)) and 
Observe that in inequality (47) we did not use all the information we had about ϕ, because in the argument of estimating the normal derivative of ∆ϕ, we obtained good estimates for ϕ 2 L 2 (0,T ;H 3 (Ω)) with the power s 2−1/m . We chose not to get profit of this for the sake of simplicity.
In particular, from (47) we deduce that the second term in the right hand side of (45) is absorbed.
For the moment, we have
